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Via the Initial Single Pion Emission (ISPE) mechanism, we study the φ(1020)π+ invariant mass spectrum
distribution of Y(2175) → φ(1020)π+π−. Our calculation indicates there exist a sharp peak structure
(
Z+
s1
)
close
to the K ¯K∗ threshold and a broad structure
(
Z+
s2
)
near the K∗ ¯K∗ threshold. In addition, we also investigate the
φ(1680) → φ(1020)π+π− process due to the ISPE mechanism, where a sharp peak around the K ¯K∗ threshold
appears in the φ(1020)π+ invariant mass spectrum distribution. We suggest to carry out the search for these
charged strangeonium-like structures in future experiments, especially Belle II, Super-B and BESIII.
PACS numbers: 14.40.Df, 13.25.Gv
I. INTRODUCTION
As one of the newly observed XYZ states, Y(2175) was first
reported by the BaBar Collaboration, where an enhancement
structure with mass M = 2175 ± 10 ± 15 MeV and width
Γ = 58 ± 16 ± 20 MeV was observed in the φ f0(980) invari-
ant mass spectrum of e+e− → φ f0(980) via the initial state
radiation (ISR) mechanism [1]. Furthermore, Y(2175) was
confirmed by BES-II in J/ψ→ ηφ f0(980) [2] and by Belle in
the e+e− → φπ+π− and e+e− → φ f0(980) processes [3]. Al-
though experimental observation of Y(2175) is mainly due to
the analysis of the φπ+π− and φ f0(980) invariant mass spectra,
experimentalists have also performed the search for Y(2175)
by the other decay channels. The BES-II Collaboration has
indicated that no evidence of Y(2175) is seen by analyzing
the K∗0 ¯K∗0 invariant mass spectrum in J/ψ → ηK∗0 ¯K∗0 [4].
Later, BaBar has observed an enhancement structure around
2127 MeV in the φη invariant mass spectrum of e+e− → φη
via the ISR mechanism [5].
The observation of Y(2175) have stimulated theorists’ in-
terest in revealing its underlying structures. By a relativized
quark model with chromodynamics [6], Godfrey and Isgur
predicted the masses of 23D1 and 33S 1 states close to the
mass of Y(2175), which seems to support Y(2175) as a vec-
tor strangeonium. However, vector strangeonium assignment
with 33S 1 can be fully excluded since the calculated total
width of this state is about 380 MeV [7, 8], which is far
larger than the width of Y(2175). Right after the observa-
tion of Y(2175), Ding and Yan studied the decay behavior of
Y(2175) assuming it as a 23D1 ss¯ state [9] and calculated the
total width of Y(2175) to be 167.21 MeV by the 3P0 model
or 211.9 MeV by the flux tube model, which are larger than
the width of Y(2175) to some extent. Under the 23D1 ss¯
strangeonium scenario, the main decay modes of Y(2175) are
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K ¯K, K∗K∗, K(1460)K, h1(1380)η [9]. The authors of Ref.
[10] applied the Resonance Spectrum Expansion (RSE) model
to study excited 1−− ss¯ states, where in the qq¯ sector both the
3S 1 and 3D1 states are coupled. A dynamical resonance pole
at (2186−246i) MeV was found in Ref. [10], which obviously
shows that such a resonance with huge width is inconsistent
with the experimental data of Y(2175). As presented in Ref.
[10], further improvements of the model are needed to the cal-
culation of the pole mass. Other than conventional ss¯ assign-
ment, there exist a couple of exotic explanations to Y(2175),
which include ss¯g hybrid state [11], K ¯Kφ three-body system
[12], tetraquark state [13, 14] andΛ ¯Λmolecular state [15, 16].
The observation of Y(2175) is tempting us to relate it to the
observed Y(4260) and Υ(10860) due to some common pecu-
liarities existing in the experiments of Y(2175), Y(4260) and
Υ(10860). Before observing Y(2175), the BaBar Collabora-
tion once reported an enhancement named as Y(4260) in the
J/ψπ+π− invariant mass spectrum of e+e− → γIS R J/ψπ+π−
[17]. In 2007, the Belle Collaboration found anomalous par-
tial width of Υ(10860) → Υ(1S , 2S )π+π−, which is 2 ∼ 3
orders larger than those of Υ(nS ) → Υ(mS )π+π− (n = 2, 3, 4
and m < n) [18].
Comparing the experimental phenomena of Y(2175),
Y(4260) andΥ(10860), we notice the similarities among these
particles. Firstly, Y(2175), Y(4260) and Υ(10860) are pro-
duced from the e+e− collision, which indicates that their quan-
tum numbers are JPC = 1−−. Secondly, the dipion transitions
of Y(2175), Y(4260) and Υ(10860) were observed. Thirdly,
there exist some anomalous phenomena in the e+e− collisions
at several typical energies
√
s = 2175 MeV, 4260 MeV and
10860 MeV, which correspond to the relevant observations of
Y(2175), Y(4260) and Υ(10860). In Eq. (1), we give a brief
summary of our observation, i.e.,
e+e− ⇒

Y(2175) → φ(1020)π+π− strange
Y(4260) → J/ψπ+π− charm
Υ(10860) → Υ(1S , 2S )π+π− bottom
, (1)
which seems to show a complete series of flavors. Thus,
the ideas that arise when studying Y(2175), Y(4260) and
Υ(10860) can be shared with each other, which provides new
2insight into these peaks and further reveals the properties of
Y(2175), Y(4260) and Υ(10860).
Recently, the Belle Collaboration announced two charged
bottomonium-like structures Zb(10610) and Zb(10650)
observed in the Υ(1S , 2S , 3S )π± and hb(1P, 2P)π± in-
variant mass spectra of Υ(10860)→Υ(1S , 2S , 3S )π+π−,
hb(1P, 2P)π+π− [19]. In Ref. [20], the Initial Single Pion
Emission (ISPE) mechanism, a unique mechanism, was
introduced in the Υ(10860) hidden-bottom dipion decay. The
ISPE mechanism can naturally explain why the Zb(10610)
and Zb(10650) enhancements close to the B ¯B∗ and B∗ ¯B∗
thresholds, respectively, appear in the Υ(1S , 2S , 3S )π± and
hb(1P, 2P)π± invariant mass spectra. Emphasized in Ref. [20],
extending the ISPE mechanism to study the hidden-charm
dipion decays of higher charmonia is also an interesting
research topic. The numerical result indicates that there exist
peak structures near the D ¯D∗ and D∗ ¯D∗ thresholds, which
can be accessible in future experiments [21]. In addition,
via the ISPE mechanism, the charged bottomonium-like
structures were predicted in the hidden-bottom dipion decays
of Υ(11020) [22].
Just illustrated in Eq. (1), the similarity existing in Y(2175),
Y(4260) and Υ(10860) stimulates us to apply the ISPE mech-
anism to study the hidden-strange dipion decay of Y(2175),
which can result in some novel phenomena in Y(2175). To
some extent, carrying out the search for such phenomena will
not only be an important and intriguing topic, but also provide
useful test of the ISPE mechanism.
This work is organized as follows. After the introduction,
in Sect. II we present the hidden-strange dipion decay of
Y(2175) and the ISPE mechanism. In Sect. III, the numerical
results are given. Finally, the paper ends with the discussion
and conclusion.
II. THE HIDDEN-STRANGE DIPION DECAY OF Y(2175)
AND THE ISPE MECHANISM
Y(2175) → φ(1020)π+π− occurs via the ISPE mecha-
nism [20], which is depicted in Fig. 1. Since the mass of
Y(2175) is just above the thresholds of π±(K(∗) ¯K(∗))∓, π± emit-
ted from Y(2175) is of continuous energy distribution. Thus,
the intermediate K(∗) and ¯K(∗) can be on-shell or off-shell.
What is more important is that K(∗) and ¯K(∗) with low mo-
menta can easily interact with each other and then change into
φ(1020)π∓. Since the minimum of the invariant mass mφπ± is
above the K ¯K threshold, in this work we mainly concentrate
on the ISPE process with K∗ ¯K + ¯K∗K and K∗ ¯K∗ as the inter-
mediate states.
Because we use hadron-level description for the hidden-
strange dipion decays of Y(2175), the effective Lagrangian ap-
proach is an appropriate way to describe the decay amplitudes
relevant to this process. The effective interaction Lagrangians
involved in our calculation are given by, [23–25]
LK∗K(∗)π = igK∗Kπ ¯K∗µ (∂µπK − π ∂µK) + H.C.
−gK∗K∗πǫµνρσ ∂µ ¯K∗ν π ∂ρK∗σ, (2)
LφK(∗)K(∗) = igφKKφµ
(
¯K∂µK − ∂µ ¯KK
)
Y (2175)
pi+
pi−
φ(1020)
K(∗)
K(∗)
K¯(∗)
Y (2175)
pi−
pi+
φ(1020)
K(∗)
K¯(∗)
K(∗)
(a) (b)
FIG. 1: The Y(2175) → φ(1020)π+π− decay via the ISPE mecha-
nism. Here, we only list two schematic diagrams by the initial π+
and π− emissions corresponding to diagrams (a) and (b).
+gφK∗Kǫµνρσ ∂µφν
(
¯K∂ρK∗σ + ∂ρ ¯K
∗
σK
)
,
+igφK∗K∗
[
φµ
(
∂µK∗ν ¯K∗ν − K∗ν∂µ ¯K∗ν
)
+
(
∂µφ
νK∗ν − φν∂µK∗ν
)
¯K∗µ
+K∗µ
(
φν∂µ ¯K∗ν − ∂µφν ¯K∗ν
)]
, (3)
LYK(∗)K(∗)π = −gYK∗KπYµ
(
¯KπK∗µ + ¯K∗µπK
)
+igYK∗K∗π ǫµνρσ Yµ ¯K∗ν∂ρπK∗σ,
+ihYK∗K∗π ǫµνρσ
(
2∂µYν ¯K∗ρπKσ∗
− Yµ∂ν ¯K∗ρπKσ∗ − Yµ ¯K∗νπ∂ρKσ∗
)
, (4)
where the terms are derived from the S U(3) invariant effective
Lagrangian, among which those proportional to epsilon tensor
are derived from the Wess-Zumino-Witten Lagrangian that is
obtained by gauging the Wess-Zumino action. The detailed
deduction of Eqs. (2)-(4) is presented in Appendix.
The coupling constants of the terms derived from the S U(3)
invariant Lagrangian have the following S U(3) limit relations,
assuming the vector coupling g for K∗ and φ is the same but
that for Y, g′ is different from g:
gK∗Kπ =
1
4
g, gφKK =
√
3
4
g sin θ,
gYK∗Kπ =
√
3
4
gg′, gφK∗K∗ = −
√
3
4
g sin θ,
where θ is a mixing angle between ω and φ and is given by
sin θ = −0.761. The coupling constants proportional to ep-
silon tensor in the S U(3) limit are expressed by [23]
gφK∗K =
1
2
√
3
C1 sin θ, gK∗K∗π =
1
4
C1,
gYK∗K∗π =
1
2
√
3
g′C1, hYK∗K∗π =
1
8
√
3
g′C1,
C1 =
g2Nc
16π2Fπ
, C2 =
gNc
6π2F3π
,
with Nc the number of color and Fπ = 132 MeV pion decay
constant.
The coupling constant g can be determined by the experi-
mental width of the process φ(1020) → K+K−, i.e., g = 14.9,
where the total width of φ(1020) is 4.26 MeV and the branch-
ing ratio of φ(1020) → K+K− is 48.9% as listed in Particle
3Data Book [26]. On the other hand, we can also determine g =
12.5 corresponding to the experimental width of K∗ → Kπ
(Γ(K∗ → Kπ) = 46.2 MeV) [26], which is consistent with that
obtained by the total width of φ(1020) mentioned above. In
this work, we adopt average value g = (14.9+ 12.5)/2 = 13.7
when presenting the numerical results. Since we are interested
in the lineshapes of the dΓ(Y(2175) → φ(1020)π+π−)/d(mφπ±)
dependent on mφπ± , which are independent on the value of g′.
With these interaction Lagrangians, we write out the decay
amplitudes of Y(2175) → (K(∗) ¯K(∗))∓K(∗)π± → φ(1020)π+π−,
where the subscript denotes the corresponding exchanged me-
son when the intermediate (K(∗) ¯K(∗))∓ being transformed into
φ(1020)π∓. Considering the intermediate K ¯K∗, K∗ ¯K∗ contri-
butions to Y(2175) → φ(1020)π+π−, the decay amplitudes
corresponding to Fig. 1 (a) read ,
AK∗K ¯K∗ (a) = I(i)3
∫ d4q
(2π)4
[
−gYK∗KπǫYµ
] [
igK∗Kπ(−ip4ρ − ip2ρ)
] [
igφK∗K∗ǫνφ
(
(−iqν + ip2ν)gλφ + (ip2λ
+iqλ)gνφ + (−ip2φ − ip5φ)gνλ
)] 1
p21 − m2K
−gµλ + pµ2 pλ2/m2K∗
p22 − m2K∗
−gρφ + qρqφ/m2K∗
q2 − m2K∗
F 2(m2K∗ , q2), (5)
AKK∗ ¯K(a) = I(i)3
∫ d4q
(2π)4
[
−gYK∗KπǫYµ
] [
igK∗Kπ(ip4ρ − iqρ)
] [
igφKKǫνφ(−iqν + ip2ν)
]
×−g
µρ + pµ1 p
ρ
1/m
2
K∗
p21 − m2K∗
1
p22 − m2K
1
q2 − m2K
F 2(m2K , q2), (6)
AK∗K∗ ¯K(a) = I(i)3
∫ d4q
(2π)4
[
−gYK∗KπǫYµ
] [
−gK∗K∗πǫθφδτ(−ipθ1)(iqδ)
] [
gφK∗K∗ǫρναβ(ipν5)ǫνφ(−iqα)
]
×−g
µφ + pµ1 p
φ
1/m
2
K∗
p21 − m2K∗
1
p22 − m2K
−gτβ + qτqβ/m2K∗
q2 − m2K∗
F 2(m2K∗q2), (7)
AKK ¯K∗ (a) = I(i)3
∫ d4q
(2π)4
[
igYK∗K∗πǫµραβǫµY (ipα3 ) + ihYK∗K∗πǫµραβǫµY (−2ipα0 + ipα1 + ipα2 )
] [
igK∗Kπ(ip4λ − iqλ)]
×
[
gφK∗Kǫθνδτ(ipθ5)ǫνφ(−ipδ2)
] −gβλ + pβ1 pλ1/m2K∗
p21 − m2K∗
−gρτ + pρ2 pτ2/m2K∗
p22 − m2K∗
1
q2 − m2K
F 2(m2K , q2), (8)
AK∗K∗ ¯K∗ (a) = I(i)3
∫ d4q
(2π)4
[
igYK∗K∗πǫµραβǫµY (ipα3 ) + ihYK∗K∗πǫµραβǫµY (−2ipα0 + ipα1 + ipα2 )
]
×
[
−gK∗K∗πǫθλδτ(−ipθ1)(iqδ)
] [
igφK∗K∗ǫν
(
(−iqν + ip2ν)gλφ + (ip5λ + iqλ)gνφ + (−ip2φ − ip5φ)gνλ
)]
×−g
βκ + pβ1 p
κ
1/m
2
K∗
p21 − m2K∗
−gρλ + pρ2 pλ2/m2K∗
p22 − m2K∗
−gτφ + qτqφ/m2K∗
q2 − m2K∗
F 2(m2K∗ , q2), (9)
where I = 2 is due to S U(2) symmetry. The subscriptM1M2
and superscript M3 in the amplitude AM3M1M2 (a) correspond
to the intermediate strange meson pair and the exchanged
strange meson, respectively. By making the replacements
p3 ⇀ p4 and p4 ⇀ p3 in Eqs (5)-(9), we can easily obtain
the decay amplitudes AM3M1M2(b) corresponding to Fig. 1 (b).
Thus, the total decay amplitude of Y(2175) → φ(1020)π+π−
is given by
A =
∑
M1M2,M3
[
AM3M1M2 (a) +A
M3
M1M2 (b)
]
. (10)
The differential decay width for Y(2175) → φ(1020)π+π−
reads
dΓ = 1(2π)332m3Y
|A|2dm2φπ+dm2π+π− , (11)
where mY denotes the mass of Y(2175) and mπ+π− is the
π+π− invariant mass. In addition, the overline indicates the
average over the polarizations of the Y(2175) in the initial
state and the sum over the polarization of φ(1020) in the fi-
nal state. In Eqs. (5)-(9), we introduce dipole form fac-
tor F 2(m2E , q2) = ((Λ2 − m2E)/(Λ2 − q2))2 to reflect the off-
shell effects of the exchanged strange meson, which also il-
lustrates the structure effect of interaction vertex between the
intermediated mesons and the exchanged meson. Further-
more, F 2(m2E , q2) also plays an important role to make the
divergence of loop integral in Eqs. (5)-(9) disappear, which
is similar to the Pauli-Villas renormalization scheme. mE in
F 2(m2E , q2) is the mass of the exchanged K(∗) meson, while Λ
is usually parameterized as Λ = mE + βΛQCD with Quantum
Chromodynamics (QCD) scale ΛQCD = 220 MeV.
4III. NUMERICAL RESULT
With the above preparation, we obtain the distributions of
the φ(1020)π+ invariant mass considering the ISPE mecha-
nism with different strange meson pairs (K∗ ¯K + h.c. or K∗ ¯K∗)
as the intermediate states. Just because the lineshapes of the
φ(1020)π+ invariant mass distributions are weakly dependent
on the parameter β [21], in the following we take typical value
β = 1 to illustrate our numerical result.
In Fig. 2, we present the lineshape of the φ(1020)π+ invari-
ant mass distributions for Y(2175) → φ(1020)π+π−, where the
intermediate state is K∗ ¯K+h.c.. The numerical result indicates
that there should exist a sharp peak near the K∗ ¯K threshold.
In addition, we also notice that the change of lineshape in the
1.62 to 1.94 GeV range becomes smooth, which is due to the
contribution from its reflection.
1.2 1.4 1.6 1.8 2.0
0.0
0.5
1.0
mφpi+ (GeV)
m
KK¯∗
FIG. 2: The lineshape of the φ(1020)π+ invariant mass distribution
for dΓ (Y(2175) → φ(1020)π+π−) /dmφπ+ , where K∗ ¯K + h.c. is the
intermediate state. The vertical dashed line is the K ¯K∗ threshold.
Here, the maximum of the lineshape is normalized to be 1.
We also present the lineshape of the φ(1020)π+ invariant
mass distributions for Y(2175) → φ(1020)π+π− with K∗ ¯K∗
as intermediate state, which is shown in Fig. 3. Different
from that presented in Fig. 2, the lineshape in Fig. 3 in-
dicates that there should exist two broad structures. One is
close to the K∗ ¯K∗ threshold and another corresponds to its re-
flection contribution. To some extent, the difference of the
results in Figs. 2 and 3 reflects different dynamics involved
in the Y(2175) → φ(1020)π+π− channel with the K∗ ¯K∗ and
K∗ ¯K + h.c. intermediate states.
When we applied the ISPE mechanism to the Υ(5S ) →
Υ(1S )π+π− process, the result in Ref. [20] shows that there
exists a sharp peak near the B∗ ¯B∗ threshold. However, using
the same mechanism to study the Y(2175) → φ(1020)π+π−
process, one gets a broad structure near the K∗ ¯K∗ just shown
in Fig. 3, which seems to be deviated from the expected re-
sult extended from Ref. [20]. In the following, we find the
reasonable explanation to this difference.
1.2 1.4 1.6 1.8 2.0
0.0
0.5
1.0
mφpi+ (GeV)
m
K∗K¯∗
FIG. 3: The lineshape of the φπ+ invariant mass distribution for
dΓ (Y(2175) → φπ+π−) /dmφπ+ resulted from the ISPE mechanism
with K∗ ¯K∗ being the intermediate state. Here, the vertical dashed
line indicates the K∗ ¯K∗ threshold. Additionally, the maximum of the
lineshape is also normalized to be 1.
If comparing the Lagrangian of the YK∗K∗π interaction in
Eq. (4) with that of the Υ(5S )B∗B∗π coupling adopted in Ref.
[20], we notice that two extra terms exist in Eq. (4). Here,
the Lagrangians presented in this work and in Ref. [20] are
obtained by different approaches. When adopting the same
Lorentz structure as that in Ref. [20] to describe the YK∗K∗π
interaction, we get the lineshape shown in the left-hand-side
diagram of Fig. 4, where a sharp peak near the K∗ ¯K∗ threshold
appears in the φ(1020)π+ invariant mass spectrum, which is
different from the result shown in Fig. 3. This fact further
indicates that two extra terms in Eq. (4) play an important
role to obtain the result of Fig. 3.
1.2 1.4 1.6 1.8 2.0
0.0
0.5
1.0
9.6 9.8 10.0 10.2 10.4 10.6 10.8
0.0
0.5
1.0
mφpi+ (GeV) mΥpi+ (GeV)
FIG. 4: The lineshapes of the φ(1020)π+ and Υ(1S )π+ invariant mass
distributions for Y(2175) → φ(1020)π+π− and Υ(5S ) → Υ(1S )π+π−,
respectively. Here, we only consider the intermediate K∗ ¯K∗ and B∗ ¯B∗
contributions to Y(2175) → φ(1020)π+π− and Υ(5S ) → Υ(1S )π+π−,
respectively.
In addition, we need to emphasize that these two ex-
tra Lorentz structures cannot affect the result of Υ(5S ) →
Υ(1S )π+π− by the ISPE mechanism. If extending the formu-
lation in Appendices in this paper from SU(3) to SU(5), we
can obtain the Lagrangian describing the Υ(5S )B∗B∗π inter-
5action as
LSU(5)
ΥB∗B∗π = igΥB∗B∗πεµναβΥ
µ
¯B∗ρ∂νπB∗σ
+ihΥB∗B∗πεµναβ(4∂νΥµ ¯B∗ρπB∗σ
+Υµ∂ν ¯B∗ρπB∗σ + Υµ ¯B∗ρπ∂νB∗σ) (12)
with gΥB∗B∗π = 6hΥB∗B∗π, where two extra terms also ap-
pear compared with the corresponding Lagrangian in Ref.
[20]. If applying this Lagrangian in Eq. (12), we obtain
the lineshape of the Υ(1S )π+ invariant mass distribution for
dΓ (Υ(5S ) → Υ(1S )π+π−) /dmΥ(1S )π+ just shown in the right-
hand-side diagram of Fig. 4, which is almost the same as that
given in Ref. [20].
Apart from studying Y(2175) → φ(1020)π+π− decay, we
can easily apply the same formulation to study the φ(1680) →
φ(1020)π+π− process, which supplies a suitable platform to
study the ISPE mechanism. Here the ISPE mechanism re-
quires that only K ¯K∗ + h.c. be the intermediate state because
mφ(1680) > mK + mK∗ + mπ. The numerical result is given
in Fig. 5. We also find that a sharp peak structure near the
K ¯K∗ threshold appears in the φ(1020)π+ invariant mass dis-
tribution. Comparing Fig. 2 with Fig. 5, one notices that
the reflection contribution corresponding to the sharp peak
is not obvious as shown in Fig. 5, which is mainly due to
the different phase spaces of φ(1680) → φ(1020)π+π− and
Y(2175) → φ(1020)π+π− since the Lorentz structures of the
decay amplitudes of φ(1680) → φ(1020)π+π− and Y(2175) →
φ(1020)π+π− are exactly the same.
1.2 1.3 1.4 1.5
0.0
0.5
1.0
mφpi+ (GeV)
m
KK¯∗
FIG. 5: The lineshape of the φ(1020)π+ invariant mass distribution
for dΓ (φ(1680) → φ(1020)π+π−) /dmφ(1020)π+ , where K∗ ¯K + h.c. is
the intermediate state.
IV. DISCUSSION AND CONCLUSION
With more and more observations of XYZ states in the
past decade, carrying out the study on the properties of these
observed hadrons has become an active and intriguing re-
search field. Among these observations, Y(2175), Y(4260)
and Υ(10860) are of similarity just presented in Sec. I. Due to
the recent experimental result of two charged bottomonium-
like states Zb(10610) and Zb(10650) in Υ(10860) hidden-
bottom dipion decays [19], the ISPE mechanism, a peculiar
decay mechanism existing in the quarkonium dipion hadronic
decay, was proposed in Ref. [20], which was later applied
to study the hidden-charm dipion decays of higher charmo-
nia [21] and the hidden-bottom dipion decays of Υ(11020)
[22]. Considering the similarity among Y(2175), Y(4260)
and Υ(10860), in this work we apply the ISPE mechanism
to study the hidden-strange dipion decays of Y(2175) [1–3],
i.e., Y(2175) → φ(1020)π+π−.
Our calculation shows that a sharp peak structure Z+
s1 close
to the K ¯K∗ threshold and a broad enhancement Z+
s2 around the
K∗ ¯K∗ threshold exist in the φ(1020)π+ invariant mass spec-
trum of the Y(2175) → φ(1020)π+π− process. We also find
a sharp peak structure near the K ¯K∗ threshold when studying
φ(1680) → φ(1020)π+π−. These predictions of two charged
strangeonium-like structures observable in the Y(2175) →
φ(1020)π+π− and φ(1680) → φ(1020)π+π− processes are ac-
cessible at BaBar, Belle II, Supre-B and BESIII. Thus, the
experimental search for charged strangeonium-like structures
Z+
s1 and Z
+
s2 will be an interesting and important research topic,
which will provide further support for the ISPE mechanism.
We can extend the present formulation to study ω(1420) →
ωπ+π− and ω(1650) → ωπ+π− decays if the ISPE mechanism
is a universal one existing in quarkonium dipion hadronic tran-
sitions. Here, K ¯K∗ + h.c. can be taken as the intermediate
state of ω(1420) → ωπ+π− and ω(1650) → ωπ+π−, which
should result in the structure appearing in the ωπ+ invariant
mass spectrum distribution [27] similar to Z+
s1. It is an ef-
fective approach to search for strangeonium-like structure Z+
s1
in the ω(1420) → ωπ+π− and ω(1650) → ωπ+π− processes.
Additionally, as shown in Eq. (1), there should exist a non-
strange partner of Y(2175), which decays into ωπ+π−, where
the ISPE mechanism can be applied to study its dipion transi-
tion.
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6Appendix
A. S U(3) symmetric Lagrangian
For S U(3) symmetry, we have the following one pseu-
doscalar and 1− vector multiplet V [24]:
√
2P =

π0√
2
+
η√
6
π+ K+
π− − π0√
2
+
η√
6
K0
K− ¯K0 −
√
2
3η
 , (13)
√
2V =

ρ0√
2
+
ω8√
6
ρ+ K∗+
ρ− − ρ0√
2
+
ω8√
6
K∗0
K∗− ¯K∗0 −
√
2
3ω8

, (14)
where coefficients are determined by normalization and trace-
less of the matrices P and V octets. Because a singlet V0 =
1√
3
dig(φ1, φ1, φ1) does not have interaction with P and V , we
exclude this multiplet from hereon in consideration. With
these multiplets, P and V , we can construct the effective La-
grangian among these particles as [24]
DµP = ∂µP − ig2
[
Vµ, P
]
,
L = Tr
((
DµP
)†
DµP
)
− 1
2
Tr
(
F†µνFµν
)
= L0 +Lint,
L0 = Tr
(
∂µP∂µP
)
− 1
2
Tr
(
˜Fµν ˜Fµν
)
, (15)
Lint = igTr
(
∂µP
[
P,Vµ
])
− g
2
4
Tr
([
P,Vµ
]2)
+igTr
(
∂µVν
[
Vµ,Vν
])
+
g2
8 Tr
([
Vµ,Vν
]2)
, (16)
with Fµν =
[
Dµ, Dν
]
= ∂µVν−∂νVµ− ig2
[
Vµ,Vν
]
, ˜Fµν = ∂µVν−
∂νVµ, where Eq. (16) is obtained because of hermiticity of P
and Vµ.
To derive the interactions among φ and other particles, we
need to consider the mixing among ω and φ. Because of dis-
crepancy between the Gell-Mann-Okubo mass formula and
the observed ω mass, we normally consider the mixing be-
tween ω and φ as
ω8 = ω cos θ + φ sin θ, (17)
where sin θ = −0.761. See, for instance, pp. 120-121 in Ref.
[28].
The first to the forth terms in Eq. (16) correspond to the
coupling types PPV , PPVV , VVV and VVVV respectively.
The concrete Lorentz structures and coupling constants for
K∗Kπ(VP2), φKK(VP2), φK∗K∗(V3), φK∗Kπ(V2P2) can be
deduced from the interactions displayed in Eq. (16) after in-
serting Eq. (17) into Eq. (14).
B. S U(3) symmetric Wess-Zumino-Witten action
The coupling including epsilon tensor structure is obtained
by gauging the Wess-Zumino term, whose general form is
given, in terms of differential forms, by [23]
LWZW (U, AL, AR) = iC
∫
M4
Tr
(
AL α3 + AR β3
)
−C
∫
M4
Tr
[(dALAL + ALdAL)α + (dARAR + ARdAR) β]
+C
∫
M4
Tr
[
dALdUARU−1 − dARd
(
U−1
)
ALU
]
+C
∫
M4
Tr
(
ARU−1ALUβ2 − ALUARU−1α2
)
+
C
2
∫
M4
Tr
[
(ALα)2 − (ARβ)2
]
+ iC
∫
M4
Tr
(
AL3α + AR3β
)
+iC
∫
M4
Tr
[
(dARAR + ARdAR) U−1ALU − (dALAL + ALdAL) UARU−1
]
+iC
∫
M4
Tr
(
ALUARU−1ALα + ARU−1ALUARβ
)
+C
∫
M4
Tr
[
AR3U−1ALU − AL3UARU−1 +
1
2
(
UARU−1AL
)2] −Cr
∫
M4
Tr
(
FLUFRU−1
)
, (18)
where
C = − (5iNc) /
(
240π2
)
, V = gVµdxµ,
U = exp (2iP/ (Fπ)) , α =
(
∂µU
)
U−1dxµ ≡ (dU)U−1,
β = U−1dU = U−1αU,
AL =
1
2
(V + A), AR = 12 (V − A),
from which one can construct higher forms. Here P, V and A
are pseudoscalar, vector and axial vector fields, respectively.
7This action with r = 0 gives the following interaction action
with the epsilon tensor structure as [25]:
∫
d4xLWZW = − g
2Nc
16π2Fπ
∫
M4
Tr
(
(dV)2 P
)
− igNc
6π2F3π
∫
M4
Tr
[
V(dP)3
]
+
ig3Nc
32π2Fπ
∫
M4
Tr
(
V3dP
)
+
ig3Nc
32π2Fπ
∫
M4
Tr (VdVVP) , (19)
where we have dropped the A field in AL/R, hence AL = AR =
V and all terms are four-forms because V is one-form and P is
zero-form, i.e.,
∫
M4
Tr
(
(dV)2 P
)
= ǫµνρσ
∫
d4xTr
(
∂µVν∂ρVσP
)
, (20)
∫
M4
Tr
[
V(dP)3
]
= ǫµνρσ
∫
d4xTr
(
Vµ∂νP∂ρP∂σP
)
,(21)
∫
M4
Tr
(
V3dP
)
= ǫµνρσ
∫
d4xTr
(
VµVνVρ∂σP
)
, (22)
∫
M4
Tr (VdVVP) = ǫµνρσ
∫
d4xTr
(
Vµ∂νVρVσP
)
. (23)
where the left hand sides are written in terms of forms but the
right hand sides are in terms of matrices given by Eqs. (13-14).
From the above forms of interaction, we easily obtain the
couplings φK∗K, φKKπ, φK∗K∗π and K∗K∗π, which are clas-
sified into V2P, VP3, V3P, and V2P, respectively.
In the above expressions for interaction, the four-point ver-
tices φK(∗)K(∗)π should read YK(∗)K(∗)π to be used in our
model given by Eq. (4). More care has to be taken that the
coupling for Y, g′ is different from g for φ and K∗ when cal-
culating the interaction.
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